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Abstract. Chem-Simons theory on a closed contact three-manifold is studied when the Lie 
group for gauge transformations is compact, connected and abelian. A rigorous definition 
of an abelian Chern-Simons partition function is derived using the Faddeev-Popov gauge 
fixing method. A symplectic abelian Chern-Simons partition function is also derived using 
the technique of non-abelian localization. This physically identifies the symplectic abelian 
partition function with the abelian Chern-Simons partition function as topological three- 
manifold invariants. This study leads to a natural identification of the abelian Reidemeister- 
Ray- Singer torsion as a specific multiple of the natural unit symplectic volume form on the 
moduli space of fiat abelian connections for the class of Sasakian three-manifolds. The 
torsion part of the abelian Chern-Simons partition function is computed explicitly in terms 
of Seifert data for a given Sasakian three-manifold. 
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1. Introduction 

The goal of this article is to study the Chern-Simons partition function as a rigorous topo- 
logical three manifold invariant using heuristic techniques that arise in the physics literature. 
Our starting point is a heuristically defined partition function, defined as a Feynman path 
integral, that physically describes the quantum amplitude of a given three manifold X with 
respect to the Chern-Simons action. From a mathematical perspective the partition func- 
tion is somewhat mysterious and a rigorous, systematic method for its study, in the sense of 
constructive quantum field theory, is currently lacking. It is remarkable, however, that one 
can make rigorous mathematical predictions using the partition function. 
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Our motivation for this study is contained primarily in the work of C. Beasley and E. 
Witten, |B W05] . where the Chern-Simons partition function is studied with respect to a 
contact structure H C TX on a three manifold X. The study of Chern-Simons theory with 
respect to a contact structure is a novel idea that Beasley and Witten introduce in order 
to explain some empirical observations of L. Rozansky, |Roz96j . Rozansky studied Chern- 
Simons theory on Seifert manifolds and observed that the contributions from irreducible flat 
connections were finite loop exact. He then further observed that this was similar to the 
behaviour of two dimensional Yang-Mills theory, where similar phenomenon are explained by 
non-abelian localization | Wit 9 2] . Rozansky explicitly suggested the possibility of studying 
the Chern-Simons path integral using the method of non-abelian localization. 

Our main idea in this article is to study the abelian partition function with respect to a 
contact structure following the ideas of [BW05j . We note that the first systematic work on 
Chern-Simons theory in the physics literature, including in particular the necessary quanti- 
zation of its coefficient, may be found in the work of S. Deser, R. Jackiw, G. 't Hooft and 
S. Templeton |DJT82j . The abelian theory is well known and has been studied from sev- 
eral different perspectives. Recall, G = U(l) Chern-Simons theory is physically interesting 
and can be realized as a fundamental building block for a theory of the fractional quan- 
tum Hall effect, |Wil82j . [FZ9lj . Schwarz |Sch79aj . [Sch 79bJ ha s also s hown that the U(l) 
theory is related to the Reidemeister- Ray-Singer torsion |Rei35j . |RS73j . a classical topolog- 
ical invariant of three manifolds. Abelian Chern-Simons theory is also closely related to the 
one loop contribution of Beasley and Witten's work, which is also a motivation for this study. 

Although the Chern-Simons partition function should be a topological invariant a priori, 
the actual process we use to make the partition function rigorous involves a gauge choice 
and requires a choice of metric g on X. By making this gauge choice one obtains a metric 
dependent quantity that needs to be corrected to recover topological invariance. Once this 
is done, one may choose any convenient metric to perform calculations and it turns out that 
the choice of a Sasakian metric greatly facilitates this process. Note that the choice of a 
Sasakian metric is natural from a physical perspective |GIJP03j , and is equivalent to making 
a "Kaluza-Klein Ansatz" for the metric tensor, which is directly related to the dimensional 
reduction used in this article. A Sasakian three-manifold admits a locally free U(l) action 
that acts by isometries for a special metric, g, given by the Sasakian structure on X. This 
condition is otherwise known as a Killing-contact, or K-contact, structure because the vector 
field generated by the U(l) action is a Reeb vector field for a contact form k G Q l (X, R) and 
is Killing for the metric g. Note that we do not provide an overview of Sasakian or contact 
geometry in this article and instead we refer to [BG08J. It is interesting to observe that 
any oriented three-manifold admits a contact structure by a result of Martinet, |Mar71j . and 
in fact our analysis begins by requiring only such a choice. The restriction to a Sasakian 
structure is made only to simplify our computation. Eventually, we would like to generalize 
our method for studying the partition function to any three-manifold using the symmetry 
of a general contact structure. 

Recall that Witten has shown [Wit89j that the one loop contribution to the partition func- 
tion requires some of the work of Atiyah, Patodi and Singer, |APS75aj . |APS75bj . |APS 76j. 
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in order to extract a topological invariant of a three manifold. A generalization of our study 
will naturally involve making sense of an analogue of some of the work of Atiyah, Patodi, 
and Singer for three manifolds relative to an arbitrary contact structure, going beyond the 
Sasakian case. 

There are two natural mathematical objects that show up in abelian Chern-Simons the- 
ory. The first object is the abelian Reidemeister-Ray-Singer torsion of a closed, orientable 
three-manifold X, denoted Tx- The Reidemeister-Ray-Singer torsion is a classical three- 
manifold topological invariant [Rei35j, [RS73J and our goal is to prove that its square-root 
can be identified as a natural symplectic volume form on the moduli space of flat abelian 
connections in the case that X admits a Sasakian structure. The second mathematical ob- 
ject that shows up naturally in abelian Chern-Simons theory is the eta-invariant for the odd 
signature operator, L°, acting on R) © Q 3 (X, R), which is roughly defined by analytic 

continuation as a limit, 

(1) %rav(g) := lim V sgn(A)|AT s . 

s— >0 ^— ' 

AGspec*(L°) 

In fact, we naturally consider the combination, 

(2) Wg) + 1 CS(A") 



12 2tt 



where for some trivializing section s, 

(3) CS S (A S ) := / s* Tr(A s A dA g + -A g A A s A A g ), 

4vr Jx 3 



is the graviational Chern-Simons term. By an Atiyah-Patodi-Singer theorem, [APS75b 



Prop. 4.19], the quantity in Eq. (J2J) is a topological invariant of X depending only on a 
choice of two-framing. The choice of two-framing is intimately related to the underlying 
choice of contact structure on X and this will be elaborated upon in future work. Beasley 
and Witten [BW05J relate the two-framing dependence to a choice of Seifert framing on X 
in the case that the contact structure is of Sasaki type, and we note that one should be able 
to extend this construction to aribtrary contact structures. This article will focus on the 
torsion dependent part of the partition function, T X - 

Recall, [BW05J studies the Chern-Simons partition function, |BW05t Eq. 3.1], which is 
heuristically defined as follows, 

Remark 1. The notation, § , is introduced to explicitly distinguish a "path integral" from 
ordinary integration. The notation, f, describes an "integral" over the the "space of connec- 
tions, " and serves as a heuristic device that is generally non-rigorous. Quantities involving 
integrals over the moduli space of flat connections M. p are rigorously defined and derived 
from the former explicitly in this article. 



The main ingredients of the path integral of Eq. flU are described as follows. 
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• A G A P = {A G <8> g) G | -4(£ tt ) = £, V£ G g} is a connection on a principal 
G-bundle 7r : P — > X over a closed three-manifold X. In fact, |BW05] consider only 
G compact, connected, simply connected and simple, 

• g = LieG and G T(TP) is the vector field on P generated by the infinitesimal 
action of £ G on P, 

• k G Z, thought of as an element of H A (BG, Z) that parameterizes the possible Chern- 
Simons invariants, 

• := {"0 £ (Diff(P, P)) G | 7r o -0 = 7r} is the gauge group, 

• A(Q) is formally defined as the dimension of the gauge group. Note that the definition 
of the Chern-Simons partition function in Eq. (j3J) is completely heuristic. The 
measure T>A has not been defined, but only assumed to "exist heuristically," and the 
volume and dimension of the gauge group, Vol(£?) and A(Q), respectively, are at best 
formally defined. 

• CS(A) := ± J x Tr (A A dA + \A A A A A) is the Chern-Simons action. We abuse all 
the usual notation here. Strictly speaking, one should write, 

CS(A) := J s*Tr \A A F A - ~A A [AAAU mod (2ttZ), 

where Tt(AAAAA) := ±Tr(AA[AAA]), and s : X P is a section. Let G fl\G,Q) 
denote the Maurer-Cartan form on G. Tr : g (g> g — > R is defined to be the unique Ad- 
invariant negative definite quadratic form on q normalized for G simply connected 
so that ^2 Tr(tf A [i? At?]) represents an integral class in H 3 (G, M). Note that the 
partition functions of Eq.'s fllj) and (jSJ) are defined implicitly with respect the pullback 
of some trivializing section of the principal G-bundle P. Of course, every principal 
G-bundle over a three-manifold for G simply connected is trivializable. It is basic 
fact that the partition functions of Eq.'s flU) and are independent of the choice of 
such trivializations. 

In general, the partition function of Eq. (jlj) is not known to admit a general mathematical 
interpretation in terms of the cohomology of some classical moduli space of connections, in 
contrast to Yang-Mills theory for example, |Wit92j . The main result of [B W05] , however, is 
that if X is assumed to carry the additional geometric structure of a Seifert manifold, then 
the partition function of Eq. (pi]) does admit a more conventional interpretation in terms of 
the cohomology of some classical moduli space of connections. Using the additional Seifert 
structure on X, |BW05] decouple one of the components of a gauge field A, and introduce a 
"new" partition function denoted by Z(k) and given as |BW05t Eq. 3.7], 

(5) K-ivAV§ exp ik ( CS( A) - — [ 2k A Tr($P A ) + — I kAoIk Tr($ 2 

J L V ^ JX 47T Jx 

where 

Lf 1 1 ( k \ A $ 

^ ■ Voi(g) Voi(s) UW ' 

• kG Q 1 (X, R) is a contact form associated to the Seifert fibration of X, [B W 05 , §3.2], 

• $ G Q°(X, g) is a Lie algebra- valued zero form on X, 

• T>& is a measure on the space of fields $. The measure P$ is defined independently 
of any metric on X and is formally defined by the positive definite quadratic form 



($,$) : = - / kAoIk Tr($ 2 ), 
Jx 
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which is invariant under the choice of representative for the contact structure (X, H) 
on X, i.e. under the scaling k \- > fn, $ h-> for some non-zero function / G 

ft°(X,R), 

• S is the space of local shift symmetries. S may be identified with Q°(X, g), and for 
each a G Q°(X, g) the shift symmetry is defined as a local variation 5 a : Ap — > TAp, 
where TAp denotes the tangent bundle of Ap. Explicitly, for A G Ap, S a (A) := an G 
T^Ap. The shift symmetry is also defined on fields $ G Q°(X, g) by the variation 

• Fa G f2 2 (X, g) is the curvature of A. 

[BW05] then give a heuristic argument showing that the partition function computed using 
the alternative description of Eq. (J5J) should be the same as the Chern-Simons partition 
function of Eq. (TJJ. In essence, they show, |BW05t pg.13], 

(6) Z{k) = Z(k), 

by gauge fixing $ = using the shift symmetry. [BW05j then observe that the $ dependence 
in the integral can be eliminated by simply performing the Gaussian integral over <£> in Eq. 
([5]) directly. They obtain the alternative formulation, 

(7) Z(k) = Z(k) = K'-jvAe W ik (c$(A) - i- jf Ti [(n A F A ) 2 ]^j 

where K' := yoT(e) VoT(5) (l^)^ 2 - ^ ote we f°ll° w |BW05t Eq. 3.9] here and abuse 
notation slightly by writing We have done this with the understanding that since 

K A (Ik is non- vanishing (since k is a contact form), then kAFa = <fi k A dn for some function 
<t> G Sl°(X, g), and we identify ^ := 0. 

The original argument of |B W05] was to decouple one of the components of the gauge field 
A G Ap by introducing a local shift symmetry (see [BW051 §3.1]) and then to translate the 
Chern-Simons partition function into a "moment map squared" form using this symmetry. 
The general "moment map squared" form for the partition function is a symplectic integral 
of the canonical form, 



A H /2 



exp 



- ^(Pi V) 



v ' Vol(if) V2vre J J Y 

where Y is a symplectic manifold with symplectic form Q, and if is a Lie group that acts 
on Y in a Hamiltonian fashion with moment map /i. A// = dim(if) and e = 2 ^ L . The tech- 
nique of non-abelian localization |Wit92j can then be applied to study such integrals. This 
article studies the analogous theory in the case of a compact, connected abelian Lie group G. 

The main goal of this article is to study an analogue of the partition function in (jSJ) for 
the case of a compact, connected and abelian structure group, and to study the equivalence 
(J6]) rigorously. In order to study © rigorously, we first make Z{k) and Z{k) rigorous using 
completely independent methods and then compare the resulting quantities. Therefore, ([6]) 
becomes a rigorous conjecture and this article establishes part of this conjecture by proving 
that the volume forms that arise in the two cases agree. 



In §2] we derive a definition of the abelian partition function, Zj(X,P,k), which is the 
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abelian analogue of (jl]) and is the main topological invariant studied in this article. Our 
derivation starts with a heuristically defined partition function, as introduced in remark [5J 

Z T (X,P,k) = — \— { VA e lkCS ^ A -\ 

Vo\(g)j Ap 

where we abuse notation and write Zj(X, P, k) for both the heuristic and rigorous versions 
of the partition function. Our method uses the "Faddeev-Popov gauge fixing method," as 
introduced in |FP67] . to extract a rigorously defined topological invariant. We note that 
our method differs from previous derivations [Sch79b], |Man98] of a rigorous candidate for 
an abelian Chern-Simons partition function. Our approach generalizes more readily to non- 
abelian gauge groups and also leads to a different and more natural /c-dependence for the 
rigorous quantity we obtain. We also note that our approach differs from that of |Man98j in 
that we take into account a dependence of the partition function on a choice of two-framing 
on X. Our final rigorous definition of the abelian Chern-Simons partition function is given 
in definition [TOJ 

In §|3]-§[7] we study the method of non-abelian localization as introduced by Beasley and 
Witten [BW05J and apply it to the abelian partition function. First we review some well 
known localization results in §|3l which historically motivated the technique of non-abelian 
localization originally introduced by Witten |Wit92j . We start by recalling the method of 
stationary phase, which is a foundational result for subsequent localization ideas. We then 
briefly review the Duistermaat-Heckman theorem |DH82j . and the Berline-Vergne-Atiyah- 
Bott theorem |B V83] . |AB84j . In £|2]we review non-abelian localization in general and state 
and prove some of Witten's [Wit 9 2] main results in propositions [16] and [UJ In £[5] we study 
the "shift symmetry" construction introduced in [BW05j . and apply this to the heuristic 
abelian partition function. The main result of this section is a "new" heuristic definition 
of what we call the shift reduced abelian Chern-Simons partition function given in equation 
( 195|) . In §|6]our main objective is to present the shift reduced abelian Chern-Simons partition 
function in the canonical moment map squared form, 

i / i \ Ah/2 r r i 

where Y is a symplectic manifold with symplectic form Q, and if is a Lie group that acts on 
Y in a Hamiltonian fashion with moment map /z. A# = dim(H) and e = Following the 
basic argument of [BW05J, we are able to obtain this result in equation (11071) . This allows 
us to formally apply the method of non-abelian localization to the heuristic path integral 
in $7] to finally obtain a "new" rigorous definition of the partition function as in definition 



In £j8]we study the moduli space of flat abelian connections Mxona Sasakian three manifold 
X. The main result in this section provides a fairly concrete description of M.x and presents 
its number of components numerically in terms of the natural Seifert data associated to the 
given Sasakian structure. This result is stated concisely in theorem [271 

In summary, we make two rigorous definitions in the article, the abelian Chern-Simons par- 
tition function Zi(X, k) in definition [TU1 and the symplectic abelian Chern-Simons partition 
function Zj(X, k) in definition [231 using heuristic techniques. These definitions are given as 
follows. 
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Definition 2. Let fcGZ and X a closed, oriented three-manifold. The abelian Chern- Simons 
partition function, Zj(X,k), is the quantity, 

(8) Z T (X, k) = -L • £ Z r (X,P,k), 

' ' PeTors/i" 2 (X,A) 

where \ W\ is the order of the Weyl group for SU(iV + 1) and, 



(9) Z r (X, P, k) := k mx e lkCSx ^ A ^e mN y^^ + -*^^) 

where m x = f (dim H 1 (X, E) — 2 dim H (X, R) ) . 



VTx, 

M P 



Definition 3. [McL12] Let k 6 Z, and Ze£ (X, 0, £, g) fre a closed oriented quasi-regular 
Sasakian three-manifold with associated principal bundle structure, 

U(l)c >X , 

I 

E 

where S zs an orbifold such that X has associated Seifert invariants, 

[g,n; (pn, Pi) , . . . , (a M , M], 
for gcd(ctj, (3j) = 1. Define the symplectic abelian Chern-Simons partition function, 

(10) Z T (X,A0 = -L. £ Z T (X,P,k), 

' ' [P]eTors_H" 2 (X,A) 

where \W\ = (N + 1)! is t/ie order of the Weyl group for SU(iV + 1) and, 

(11) Z T (X, P, fc) = fc m V fcCSjf - p(Ap) e i,r ("' JO ) / K x ■ u P , 

JMp 

where, m x := f (dimH^X; R)-2 dimtf°(X; R)) ; X x := |ciW .^ a<| „ /2 , ^ := ^gff . 

We find that both Zj(X,k) and Zj(X,k) have identical fc-dependent terms k mx . We 
note that our /c-dependence differs from that in |Man98j since we take into account the k- 
dependence due to the isotropy group /. Our computation physically identifies the volume 
form dependent parts of Zj(X, k) and Zt(X, k), and computes, 

(12) 



MX) ■ Ui C\ N > 2 ^|TorsH 2 (A',A)|' 

Note that previous work also identifies the eta invariant dependent parts of Zj(X,k) and 
Zf(X, k). This argument is summarized in |JM10] and uses the main result of [McLlOj . We 
note that the main result of |McL10j assumes a natural choice of Seifert two-framing on 
X and does not study how the partition function changes under a change in two-framing 
associated to a change in the underlying contact structure. We leave this to future work. 
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Let k G Z, and X is a closed oriented three-manifold that admits a quasi-regular Sasakian 
structure (k, g), with associated principal bundle structure, 

U(l)< >X , 

I 

E 

where E is an orbifold such that X has associated Seifert invariants, 

[g,n; (a x , ft), . . . , (a M , /?m)], 
for gcd(<x,-, = 1. Then this article identifies the magnitudes of Zj(X, k) and Zj(X, k), 
(13) |Z T (X,A;)| = |Z T (X,A;)|, 

and finds, 



k mx 



V jfcCS x ,p(A P ) 
Z^[P] GTors_f/ 2 (X,A) 



|W] a/| Tors if 2 (X, A) I 

where m x := f (dimi^pT; R) - 2 dimH°(X; M)), |W| = (X + 1)! is the order of the Weyl 
group for SU(A r + 1) and Torsif 2 (X, A) is the torsion part of H 2 (X,A) with values in the 
integral lattice A. Lastly, we note that it would be of interest to compute the quantity, 

ikCS X}P (A P ) 

(15) w\ ' 

explicitly in terms of Seifert data associated to a given quasi-regular Sasakian structure on 
X, and indeed it would be interesting to make an explicit computation of this quantity on 
a general closed three-manifold. 

2. The Abelian Partition Function 

In this section we introduce a partition function, Zj(X, k), for abelian Chern-Simons the- 
ory. A closely related partition function is studied in |Man 98j , where it shown that it defines 
a unitary topological quantum field theory as defined by Atiyah in [Ati89j . Our approach is 
to "derive" a rigorous definition of the partition function from a heuristically defined path 
integral using the Faddeev-Popov method. Our definition of the abelian Chern-Simons par- 
tition function differs from |Man98j Eq. 7.28] in that we take into account a dependence of 
the partition function on a choice of two-framing on X. We follow Wit89] and revise the 
definition of |Man98j by adding a "counterterm," the gravitational Chern-Simons term, to 
the eta-invariant that shows up in our considerations. By an Atiyah-Patodi-Singer theorem 
[APS75b| Prop. 4.19], this counterterm effectively restores topological invariance for the par- 
tition function. We note that the existence of such a counterterm is expected from a physics 
perspective. That is, the abelian Chern-Simons partition function should be a topological 
invariant a priori, since this theory is "generally covariant." In order to actually define the 
partition function using our methods one needs to make a gauge choice, which in our case 
is tantamount to a choice of metric g on X. In physics terminology, this choice introduces 
a quantum anomaly that is made manifest in the dependence of the eta-invariant on the 
choice of metric g. Introducing the counterterm effectively cancels this anomaly. 



Before we define the partition function, we establish some notation and terminology. Let T 
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denote a compact, connected abelian Lie group of dimension N, t denote its Lie algebra and 
Act the integral lattice. Let Tors H 2 (X, A) denote the torsion subgroup of H 2 (X, A). A P is 
the affine space of connections on P modeled on the vector space Q 1 (X, t). Q := Map(X, T) 
is the group of gauge transformations and acts on Ap in the standard way. That is, for 
g G Map(X, T), and A P G A P , A P ■ g := A P + g*d, where i? G ^(T, t) denotes the Maurer- 
Cartan form on T. CSx, P {A P ) is the Chern-Simons functional of a T-connection Ap on 
P — > X and we describe this presently. For any T-connection Ap G Ap, we define an 
SU(A/" + l)-connection A P on an associated principal SU(Ar + l)-bundle, 

(16) P = P XjSXJ(N + 1), 
via, 

Ap\[ p ,h] = Ad h -i (l*tptIA p \ p ) +-pr* 2 $ h , 

where i : T — > SU(N + 1) is inclusion as a maximal torus, pr 1 : P x SU(A/" + 1) — > P and 
pr 2 : P x SU(A^ + 1) — > SU(A^+ 1) are the standard projections. Since for any three manifold 
X, P is trivializable, let s : X — > P be a global section. The definition we use for the 
Chern-Simons action, CS>x,p{Ap), is as follows, 

Definition 4. The Chern-Simons action functional of a T-connection Ap G Ap is defined 
h, 

(17) CS X p(Ap):=— [ s*a(A P ) mod(2nZ), 

4tt J x 

where ct{Ap) G 3 (P, 1R) is the Chern-Simons form of the induced SU(A^ + l)-connection 
A P G Ap, 

(18) a(A P ) := Tr(i P AF ip )-J Tr(i P A [A P , A P ]), 

where Tr : 5u(A^ + 1) <S> su(N + 1) — >■ M denotes the standard Ad-invariant bilinear form in 
the (N + 1) -dimensional representation. 

Remark 5. One may then heuristically define a "partition function" as follows. Let k G Z 
and X a closed, oriented three-manifold. The abelian Chern-Simons partition function, 

Zf(X,k), is the heuristic quantity, 

(19) Z T (X,k) = ^-- Yl M^,P,k), 

where \W\ = (N + 1)! is the order of the Weyl group for SU(A^ + 1) and, 

(20) Zj (X,P,k) = -^—J VAe ikCS x MA P )_ 

Note that Vol(C?) formally denotes the volume of the gauge group. 

In our heuristic definition of the abelian partition in the above remark (jSJ) we sum over flat 
bundle classes corresponding to elements of TorsH 2 (X, A) because these stationary points 
of the Chern-Simons action are the flat connections and these are precisely the bundles that 
admit flat connections. Note that Eq. (1201) is a formal expression, where we heuristically 
assume the existence of the measure VA. It is precisely the quantity y^jy in Eq. (J2D|) that 
is not well defined. Our goal in this section is to make definition (j5l) rigorous using the 
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Faddeev-Popov method [FP67J. We recall the main ingredients that go into the heuristic 
definition of the partition function in fl5]) above. First, the measure T>A is formally induced 
by a choice of metric g on X. Let (•,•) : t ® t t be the bilinear form on T induced 
by Tr as in definition HJ Then g defines the Hodge star operator, *, on the tangent space 



(21) 



Q l (X, t), which in turn induces the (/-invariant Riemannian metric, 



(A,B) 



L- 



(A A *B), 



x 



on A P , for A, B G T Ap A P ~ Q 1 {X, t). Observe that, 



(22) 



Zr{X,P,k) 



D ikCS x , P (Ap) 

Vol(Cf) 



J A, 



T>A exp 



ik 
Air 



(A A dA) 



x 



where we rewrite the partition function after identifying Ap = Ap + Q 1 (X, t) for a flat base 
point A P in Ap. We then use the Faddeev-Popov method |FP67] to obtain an exact result. 
We will gauge fix by choosing a metric g on X and fix the Lorenz gauge condition, 



(23) 



C(A) = SA = 0, 



where on g-forms d* = (— l) q+1 *d* is the adjoint of d defined with respect to the Hodge star 
•k for the metric g. We introduce the gauge fixing action, 



(24) 



' gauge 



(A*,c,c) 



2tt 



x 



((dUA*) + (erfde)) 



where $ G Q 3 (X, t) is a Lagrange multiplier term that enforces the gauge condition ( J23l) . and 
c, c are formal ant i- commuting Lie algebra valued ghost fields that allow one to write the 
measure fixing determinant of d)d in exponential form. Let I denote the isotropy subgroup 
of Q at Ap G Ap. This is the group of constant maps from X to T since, 



(25) 



9 G Lie£ : A P h> A P + d0, 



I.e. dd = =>• 9 = constant (we assume that X is connected), and hence I ~ T. Let Vol/ 
be the volume of the isotropy subgroup with respect to the induced measure on Q, 

r r 1 N/2 

(26) Vol/ = [VolXf/ 2 = / *1 

Ux 

Eq. fT26|) follows from the definition of the invariant metric on the group Q that is induced 
by the inner product on Lie{? ~ Q°(X, t) that comes from g, 



(27) 



Gg(9, 



A M 



X 



where 9, <fr G Lie^ ~ Q°(X, t). Observe that Gg restricted to the space of constant functions 
is simply a scalar multiple of (■, -)l 2 at each ^ G Q ~ Map(X, T), 



AT/2 



V 
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since 9, (p G t are constant. We may therefore write y/Gg = (f x -kl) N ^ 2 . If y/GgDa denotes 
the measure on / < Q, then, 



Vol/ 



(28) 



GgDa, 
Gg, setting / Da = 1, 

N/2 

*l" 



Observe that in ( 1221) we may integrate the gauge orbit out and write our integral over 
the quotient space Ap/Q. Note that the metric on Ap formally descends to a metric on 
the quotient Ap/Q, and thereby induces a quotient measure that we denote by VA. The 
integral over of the gauge orbit will contribute a factor of, 

Volg 
Vol/' 

due to the presence of the isotropy group. We now define Zj(X, P, k) as, 

ik 



(29) K(A P , k) ■ f VAVmVcVc exp 
where, 
(30) 



47T 



(A A dA) + ik S gauge (A, c, c) 



K(A P ,k) := 6 Vq1j ■ k~-^ H ^ x ' l \ 



and we have included the factor k 2 dim.H' pr,t) j n ^Qjj ^ Q ^ a k e j n ^ acc0 unt the k- dependence 
that occurs in the volume of the isotropy group as in (1281 . Let, 

L : QT(X,l) -> fi'(X,t), 

denote the self-adjoint operator defined by, 

L := -kd + <i*, 

and let L° denote the operator L restricted to the odd forms, Q}(X, t) © f2 3 (X, t). Observe 
that the (A, \l/) dependent part of the action in (1291 may be expressed as, 

/ (A A gL4 + 2dU ■ *) = ((A, L°(A, #)) L2 . 
ix 

Overall, (1291 leads to the following expression for Zj(X, P, k), 
K(A P , k) ■ =f VAV^VcVc exp 

ik 



|«A*),l°(A *»i> + | 



zd^dc) 



x 



K'(A P , k) ■ f VAVm exp 



47T 



((A*),l (A*))l» 



det' , 



where c, c have been integrated out to obtain the last line, and det' denotes a regularized 
determinant to be defined later. As shown in Lemma [7] below, the determinant det' defined 
in ( 149]) satisfies the scaling, 



(31) 



det' [c-dU] =c -dimtf° ( x,t) . det ' [ d t d ] 
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for cel. We have therefore multiplied K(Ap, k) by the factor, 

(32) fc -dimH«>(X,t) ) 

and we have, 

ikCS x ,p(A P ) 

K'(A P ,k) := fc -ldimi/°(x, t)- 



Vol/ 



(33) 

We may define the integral 

(34) Z T (X, P, As) = K'(A P , k) ■ f VAV^ exp 



ik 

47T 



((A,^),L°(A^)) L2 



det' [d f cZ] 



formally using Gaussian integration. Let spec*(L°) denote the non-zero part of the spectrum 
of L° and formally define the signature of L°, 

sgn(L°) := ^ sign A, 

AGspec*(L°) 

where sign A = ±1 denotes the sign of the real number A. Of course, this expression for the 
signature of L° is not generally well defined and we will regularize using an eta-invariant to 
obtain something sensible later. For now, we formally apply Gaussian integration to obtain 
a rigorously defined quantity. Observe that the stationary points of the action in (134")) satisfy, 



(35) 
and, 
(36) 



dA = d^ , 



d^A = 0, 



where \l/o fi 3 (X, t) is a non-zero scalar multiple of These equations imply that A and 
\l/ are harmonic and the critical submanifold is M.p x t where Ai p denotes the moduli space 
of flat abelian connections on P. We will choose a normalization such that, 



(37) 



where T>^> is measure induced by X>\&. Thus, applying Gaussian integration/ stationary phase, 
as in Theorem [TTj we obtain, 



(38) Z T (X,P,k) = K'{A P ,k) 



1 



M, 



VI det' k L° 



: exp 



7 7T 

T sgn(L°) 



det' [d)d] 



where v denotes the natural measure on M.p ~ H 1 (X, t)/H 1 (X, A), and det'L° is formally 
the product of non-zero eigenvalues of L°. We will define det'L° via regularization using a 
zeta function determinant. First, we regularize the signature sgn(L°) via the eta-invariant 
and set sgn(L°) -w ?7(L ) := ?y(L o )(0) where, 



(39) 



AGspec*(L°) 



r](L°) has a rigorous mathematical meaning using the fact that r)(L°)(s) admits a meromor- 
phic extension to C that is regular at 0, [APS75aj . 
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Remark 6. The eta-invariant is an analytic invariant introduced by Atiyah, Patodi and 
Singer |APS75a] defined for an elliptic and self-adjoint operator. As in [A PS75a| Prop. 
4.20], we may remove some spectral symmetry and the eta invariant ofL° coincides with the 
eta invariant of the operator -kd restricted to Q 1 (X,t) nlm(d*). Throughout, we will abuse 
notation slightly and write, 

(40) 77^) = lim Yl sgn(A)|A|- s , 

Agspec* (*d) 

and replace L° in the notation with kd. We also recall that the expression for the sum, 

(41) Yl *Mm\- a , 

Agspec* (*d) 

is defined for large Re(s) and [APS75a] shows that it has a meromorphic continuation to C 
that is analytic at 0. It therefore makes sense to take the limit as s — > in Eq. fj4"0]) and to 
define the eta-invariant r)(kd) as evaluation of this limit. 

Let rj grav (g) be the eta-invariant for the operator -kd acting on Q 1 (X, R), so that, 

(42) V (*d) = N-r 1grav (g), 

where the eta invariant on the left hand side of (T4"2"l) is defined on Q 1 (X, t) and N = dim T. 
Since r](kd) itself is not a topological invariant, we follow |Wit89] and add a "counterterm" 
that cancels the metric dependence of the eta-invariant. Define, 

(43) CS s (A g ):=—[ s* Tr(A s A dA g + -A g A A s A 

4tt Jx 3 

the gravitational Chern-Simons term with A g the Levi-Civita connection and s a trivializing 
section of twice the tangent bundle of X. More explicitly, let H = Spin(6), Q = TX © TX 
viewed as a principal Spin(6)-bundle over X, g £ T(S 2 (T*X)) a Riemannian metric on X, 
<f> : Q -> SO(X) a principal bundle morphism, and A LC £ A S o(x) '■= {A £ (Q l (SO(X)) <g> 
so(3)) s °( 3 ) | A{&) = f, V£ £ so(3)} the Levi-Civita connection. Then A g := <p*A LC £ 
Aq := { A £ \n l {Q) ® \)) H | A{$) = £, £ fj}. An Atiyah-Patodi-Singer theorem, 
[APS75b| Prop. 4.19], says that the combination, 

r , 1CS(A«) 

(44) % rav (g) + -- 



3 2vr ' 

is a topological invariant depending only on a 2-framing of X. Recall that a 2-framing is a 
choice of a homotopy equivalence class IT of trivializations of TX © TX, twice the tangent 
bundle of X. Note that II is represented by the trivializing section s : X — > Q above. The 
possible 2-framings correspond to Z. The identification with Z is given by the signature 
defect defined by, 

5(X,U) = sign(M) - \ Vl {2TM,U), 

o 

where M is a 4-manifold with boundary X and p\(2TM, II) is the relative Pontrjagin number 
associated to the framing II of the bundle TX@TX. The canonical 2-framing IF corresponds 
to 5(X, IT) = 0. Thus, overall we replace sgnL° in (!38l) with, 



(45) N ■ 



. . lC$(A g ) 

?7grav(g) + 



3 27T 
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which is a topological invariant up to a choice of two-framing on X. 

Next, we consider the determinant det'L° in (|38|) . Recall the Hodge-de Rham Laplacian, 

(46) A q :=Sd + dd\ on Vt q {X, t), 
Let ( q (s) denote the zeta function of A q , 

(47) a*) = C(A 9 )(s):= Yl A " 

Agspec*(A q ) 

Recall, C?( s ) is defined for Re(s) S> by, 



(4* 



1 f°° 

Cq{s) := flsj J ^" ltr (e tA <-n g )dt, 



and then analytically continued to C as usual. Note that U q : Q q (M,p) — > "H 9 (M, p) is 
orthogonal projection, and T(s) is the gamma function, 



oo 

s-l„-t. 



r( s ) = / t s -'e- l dt. 

Jo 

The notation det' refers to a regularized determinant and is defined for the Laplacians A q 



as, 



(49) det'(AJ := e 



-C'(A ? )(0)_ 

The scaling used in (1311 is a consequence of the following, 
Lemma 7. For an?/ c6R, 

det'[c-A,] = c c?(0) • det' [A q ] , 

= c- dimH? W)-det'[A g ]. 

Proof. By definition, £(cA g )(s) = c~ s C(A g )(s). Taking the derivative of c _s C(A g )(s) with 
respect to s and evaluating at s = and using the definition ( 1491) yields ( |50l) . In order to 
obtain the precise scaling in ( 1501) we use the following |Miil78] . 

£ 9 (0) = -dimKer A q = - dimH%X, t). 

This completes the proof. Q.E.D. 

Now we define the determinant det' L° as, 

det'L° := [det'(L°) 2 ] 1/2 , 

= [det^A^Aa)] 172 , 

= [det' Ax] 1/2 • [det'A 3 ] 1/2 . 

Note that Ai © A 3 denotes the operator acting on Q 1 (X, t) © Q 3 (X, t) in the obvious way, 
preserving the direct sum. The quantity of interest in equation (]38j) is, 

det/frftrf] det'Ao 
V|det'[fcL°]| " ^| [det'PA^^-ldet'PAa] 172 !' 

, ^(dimi^X^+dimffOp^t)) [det' Aq] ^ 

' [det'Ai] 1 / 4 ' 
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where the last line follows from Lemma [7] and the fact that det' A = det' A 3 by duality. 
Overall, we obtain the following for Zj(X, P, k), 



(50) K ' {AF ' ky L Tmm^ 



77T 

- sgn(L°) 



v. 



(51) . = fc mx e ifeCS x ,H^) e [^-[^av(g)+i^!)]] f 1 [ det ' A o] 

1 ' ^ Jm p Vol/fdet'A^ 1 1 

where m x ■= \ (&mH\X,i) - 2 &\mH°{X, t)). 



det' [dU] 

1 3/4 

OJ 

[det' A 



Remark 8. Note that the term mx '■= \ (dim H 1 (X, t) — 2 dimif°(X, t)) results in a dif- 
ference in the k-dependence of our partition function from that of |Man98j by a factor of 
^- 3 dimH°(x,t)^ JT^e relevant k-dependent term in [Man98] ism' x := | (dimi/ 1 (X, t) — dimif°(X, t)), 
and i/iis difference arises because we take into account the contribution to the k-dependence 
coming from the volume of the isotropy group, whereas |Man98j does not. We also note that 
we obtain the same k-dependent term k mx in the symplectic abelian Chern-Simons parti- 
tion function given in definition H3] using the completely different technique of non-abelian 
localization. 

Next, we will show that the quantity inside the integral in (I5T| . 

1 [det' A ] 3/4 



Vol/r.w'AJ 1 / 4 



[det'Aj] 

is precisely the square- root of the Reidemiester- Ray-Singer torsion of X. The Reidemeister- 
Ray-Singer torsion Tx will be defined as a density on the determinant line, 

3 

(52) |det#'(X,t)|* := (g)(det H j (X, t)) ( ~ 1)J '. 

3=0 

We make the natural identification, 

(53) H'(X,l)~H'(X,i), 

under the de Rham map where H'(X, t) denotes the harmonic forms on X with respect to the 
Laplacian given in Eq. (j4"S|) . Let S\dctH-(x,t)\* denote the induced density on | detH*(X, t)|* 
corresponding to the induced metric from the L 2 metric on H'(X, t). Now make the following, 

Definition 9. [RS73J Given a closed Riemannian three manifold (X, g) ; define the scalar 
Reidemeister-Ray-Singer torsion, 



l » I) ^ al (g) := exp [\ ^(-1) V(A ? )(0) 

V <?=o 



Define the Reidemeister-Ray-Singer torsion T x as, 



(55) T x := TT\g) ■ 6\ 



detH'(X,t)\*- 



Note that T|? al (g) is generally dependent upon the choice of metric g and it is shown 
in |RS73j that T x is indeed independent of g. Note that given an orthonormal basis for 
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7i q {X, E), . . . , j, where b q := dim if 1 (X, E), <5| dctff*(x,t)|* rnay be written as, 

3 

(56) <Ww)l* =(g)p ] f M) \ 

where i/^ := vf^ A ••• A i/^ and AT = dimT. Observe that an orthonormal basis for 
7i q (X, E) = E is a constant such that Iz/t ' 1^ = (Vol/) -1 . One may see this by computing, 



|2 

Il 2 > 



1 = III/ 1 ' 



= |z/M| 2 / *1. 

Combining this with ( 128|) one obtains |i/' H = (Vol I) -1 . Using Poincare duality H q (X, 
H 3 ~ Q (X,M.)* we may write the square-root of 5i detH-(x,t)\* in (|56|) as, 

i 1/2 = 1^1%!^, 
i 



[5|detH«(X,t)|*] - 



(57) 



Vol/ 

iJV 



where we define v := |z/W| . Thus, using Poincare duality combined with the duality 
A q ~ A3_ 9 induced by the Hodge star, then the definition of Tx in (154jl . (1551) and equation 
(1571) imply that the square-root of the Reidemeister- Ray-Singer torsion can be expressed as, 

™ Fr~ 1 [ dct,A o] 3/4 

as claimed. Overall, we make the following, 

Definition 10. Let k G Z and X a closed, oriented three-manifold. The abelian Chern- 
Simons partition function, Zj(X,k), is the quantity, 

(59) z T {X,k) = ~ MX,P,k), 

' ' PeTorsH 2 (X,A) 

where \W\ is the order of the Weyl group for SU(iV + 1) and, 

(60) Z r {X,P,k) := k mx e tkCSx ^ A ^e mN y^^ + -*^^) / v 7 ^ 



x, 

JM P 

where m x = f (dimi/ 1 ^, E) — 2 dim//°(V, E)). 

Note that we can either choose the canonical framing At iDTi] and work with this through- 
out, or we can observe that if the framing of X is twisted by F units, then CS(A g ) transforms 
by, 

CS(A S ) -> CS(A g ) + 2ttF. 
The partition function Zj(X, k) is then transformed by, 

{2niNF\ 



(61) Z T (X, k) -> Z T (X, jfe) • exp 
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Thus, Zi(X, k) is a topological invariant of framed, oriented three-manifolds, with a trans- 
formation law under change of framing. This is tantamount to a topological invariant of 
oriented three-manifolds without a choice of framing. 

We note that it is more natural for us to take the latter perspective, which allows the 
framing to change with the given transformation law. The reason for this is that the canon- 
ical framing is not the most natural choice for our geometric situation and there should be 
a non-trivial dependence of the framing on the underlying choice of contact structure. 



3. Background on Non-Abelian Localization 

In this section we review the general technique of non-abelian localization. First we review 
abelian localization, which serves historically as a motivation for non-abelian localization. A 
good starting point is the classical stationary phase formula, which is given in the following, 

Theorem 11. [GS77, §1, page 6] Let M be a smooth m- dimensional manifold, v a smooth 
compactly supported density of unit weight and f G C7°°(M, R) a Morse function (i.e. with 
non-degenerate Hessian, Hess, on Crit/ ; the critical points off), and letpi G Crit/flsuppi/, 
1 < I < L. Then, 

I" _ L . p wr/(pj)/7ipisgnHess w f/4 

(62) L e "'" V = ^ £ Idet^/I* + ° (S,+m/2) - 

where h G M + , i = \f—l, sgn Hess Pi / denotes the signature of the Hessian, and |det^ Hess Pi /| 1//2 ^ 
IdetTiesSpJ-,-)! 1 ^. 

The beautiful work of Duistermaat and Heckman |DH82j . [DH83] studies Theorem (TTTI) 
when M is symplectic, the function / is proportional to a moment map and the density is 
given by the Liouville volume. In this case Duistermaat and Heckman are able to show that 
the error term in fl62|) vanishes. Let us set some notation. 

• Let M be a compact symplectic manifold with symplectic form u G f2 2 (M, M), G a 
(compact) Lie group with Hamiltonian action G O M and moment map fj, : M — > q*. 
Let T denote a compact torus Lie group. 

• Recall that the moment map /i : M — > Q* satisfies: V Y G Q, d[i Y = ty#w, where 
/i y (x) := (fi(x),Y) for the dual pairing on g, (•, •) : Q* <g) Q — > R and Y*(x) : = 

![ t=0 (z-exp(«0), 

• fi is G-equivariant with respect to coadjoint action on g*. 

• For Y G g, define the fixed point set T Y '■— (exp(MY)) < G compact torus, and 
M Y := {p G M \T Y ■ p = p} = {p G M \Y*{p) = 0}, and assume that it is non-empty 
with isolated points. 

• Let p G M y be an isolated fixed point, and define £ p : Lie(Ty) x T p M — > T p M the 
infinitesimal isotropy representation, 

£ p (Y,v p ) := (C Y #v) p , 

for any v G T(TM) such that v\ p = v p . Note that £ P (Y) := £ P (Y, ■), is invertible 
\/Y G Lie(Ty) since p G M y isolated. 

The Duistermaat-Heckman theorem may be stated as follows, 
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Theorem 12. [D H82] Let (M, T, u,fi) be a compact, smooth m = 2n- dimensional Hamil- 



tonian T space with Liouville form (5 := uj n /n\, and let Y G LieT such that M Y = {pi} L 



i=i 



consists of isolated points. Then for any h G M + ; 



(63) I e^ Y/h (3 = (2nh) n V 

P l&M Y 



iirn Y (p;)/SpjsgnHess P; £i y /4 



(64) = (artB >"£pf(W 

where Pf(£ Pl (Y)) denotes the Pfaffian of £ Pl (Y). 

The Duistermaat-Heckman theorem was subsequently generalized by Berline-Vergne [BV83] 
and Atiyah-Bott [AB84] to more general manifolds and group actions. These results use the 
notion of equivariant forms and we establish notation presently. 

• Let G O M be a compact manifold with action of a compact Lie group G. 

• The equivariant differential forms on G M are Qq'*(M) := {a : q — > fl*(M) : 
ff . Q (y) = a(Ad( S )y) ) yeg )ff GG} I 

• The equivariant differential is d : fi^'*(M) — > Q^'*(M) and is defined by, 

(65) d s a(Y) := da(Y) - i Y #a(Y), 

• Recall the natural grading on Vt' G (M) := (C[g]®fi' (M)) G C fi~''(M), the subalgebra 
of polynomial maps. The degree of a G fi^.(M) is defined to be (differential form 
degree) +2 (polynomial degree). 

• Let M denote the normal bundle of M Y , which is orientable with even dimensional 
fibers. 

One then has the following, 

Theorem 13. (Berline-Vergne- Atiyah-Bott) Let G O M be a compact, smooth, oriented 
manifold with action of a compact Lie group G and let a G Map°°(g, fl"(M) be an equivari- 
antly closed differential form on M, i.e. d g a — (a not necessarily in Qq''(M)). Let Y G jj 
such that M Y is isolated, then, 

o„W2 V- ®( Y ){Q](Pl) 
} ^ Y Pi(2 Pl (Y)Y 



(66) / a(Y) = (-2tt) ^ 



where at(Y)ip](pi) denotes the zeroth degree part of a evaluated atpi. 

Of course, Theorem ([12"]) and Theorem (|T3|) apply only when the critical point set M y 
consists of isolated points. This theorem has been generalized to the case of a not necessarily 
isolated critical point set in the following, 

Theorem 14. T3GV92t Theorem 7.13] Let G O M be a compact, smooth, oriented manifold 
with action of a compact Lie group G and let a G Map°°(g, fi*(M) be an equivariantly closed 
differential form on M, i.e. d s a — (a not necessarily in fi^ > '*(M) y ). Let Y G Q and M Y 
denote the set of zeroes ofY# in M, and let M denote the normal bundle ofM Y in M. Then 
for Y G Qy '■= {Y £ I IX, Y] — 0} sufficiently close to Y , we have, 

(67) f a(Y) = [ (_ 27r )-^)/2^XL 
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where x^L (X) is the equivariant Euler form of the normal bundle and rank (A/") : M y — > No 
is the locally constant function giving the codimension of the connected components ofM Y . 

Note that the Duistermaat-Heckman theorem (fT2l) follows as a corollary of Theorem (|T3|) 
or Theorem flU) by setting a(Y) := (2ni)~ n exp[i(u + ^ Y /h)} G W G ( M )- 

4. General Non-Abelian Localization 

This article is concerned with the study of path integrals, which may be viewed as a formal 
generalization of integrals of the form, 




as in fl62|) . to infinite dimensions. In the case of interest, the manifold M is replaced by 
a space of connections A, f becomes an action functional and v gets identified as a path 
integral "measure" T>A. What is lost in rigour by taking this perspective is certainly sup- 
plemented by the insight one obtains into techniques of calculation of what physicists call 
"observables" in quantum field theories. There is a vast array of literature on this subject 
and we will not attempt to provide references here. Instead, we will focus on some work that 
captures the spirit of the heuristic path integral method and that also has the added virtue 
of being directly related to our work. A good starting point here is Yang-Mills theory in two 
dimensions and in particular the work of E. Witten on this subject [Wit 9 2] that introduces 
the technique of non-abelian localization. Let us establish some notation. 

• Let E be a compact surface, P ~ S x G a (trivial) principal G bundle over S. G a 
compact, connected, simply connected and simple Lie group, (i.e. G = SU(iV + 1), 
N e N ), 

• A = {A G (fi x (P) ® q) g I A(&) =£, V£ G g} is the space of connections, 

• Q '■— (C°°(P,G)) G is the gauge group, 

• u G VL 2 (A) is defined for rj, x G ^(E) <g> Q = T Ao (A), as u Ao (v, x) ■= - J E Tr(r? A x), 
"Tr" denotes a normalized Ad-invariant, negative-definite quadratic form on q (i.e. 
normalized Killing form on su(N + 1)). One can show that a; is a symplectic form 
on A, 

• G O A is the gauge group action defined by, A ■ u := Ad n -i A + u*9, where 9 is the 
Maurer-Cartan form on G. One calls the action of gauge group elements, "gauge 
transformations." 

Define /i : A -> Lie(£)* via, 

H{A) :=F A = dA+^[AAA}e (Q 2 (P) ® g) G , 

the curvature of A. Then Atiyah-Bott show |AB83j that (A,oj,Q,/j,) is a Hamiltonian Q- 
space. This is the basic observation that will allow us to set up the analogy between the 
Duistermaat-Heckman theorem (fl2"|) and the computation of the two dimensional Yang-Mills 
partition function using non-abelian localization. Next we recall the action functional for 
the Yang-Mills partition function, which formally replaces the function / in (15^]) . The action 
functional for two dimensional Yang-Mills theory is defined as, 

(68) S YM [A} '=-\f Tr(F A A *F A ). 
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One can show that Sym is invariant under gauge transformations. The Yang-Mills partition 
function, which formally replaces the integral in (162]) . is defined as, 

Ag/2 



(69) 
where, 



Z(h) :- 



Voi(g) \2tiH 



exp 



A 



->j + — Sym 



• f denotes "path integral integration," and is only formally defined, 

• oj G Q 2 (A, R) is the Atiyah-Bott symplectic form on A as defined above, 

• Ag and A_4 are formally the dimensions of Q and A, and H G R + a scalar parameter, 

• Z(ft) depends only on the volume of S, J" s *l, where * is defined by *1 = cr for a 
symplectic form a G f2 2 (£). Fixing the volume and varying h amounts to the same 
dependence. 

At this point one observes that the Yang-Mills action (|68|) may be written as, 

1 



>YM 



[A] 



where (/i, /x) := — J s Tr(/i A -kfi), and is in the form of a moment map squared. This is 
not quite in the same form as the integrand for the abelian Duistermaat-Heckman theorem 
since in Eq. fl63l) the "action" is given by /i y and not (p,fi). This means that we can not a 
priori expect an analogous localization type result for the Yang-Mills path integral as in the 
Duistermaat-Heckman theorem. Observe that if we define, 



a(Y) :-- 
then we may write, 



[-i) AA/2 exp(iu Uc g(Y)) 



(70) 
(71) 



Z(h) 



Vol(£) 
(-i) A ^ 2 

Voi(g) 





~dY~ 








(u c g 


_2tt_ 


exp 




t 



(-i) AA/2 exp(iu + i(fx, Y}), 



a{Y), 



Lie Q 



dY_ 
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exp 



A 



iu + i<jjL,Y)-^(Y,Y) 



The equivalence of Eq.'s ( )69|) and ( |7T|) may be seen by doing the formal Gaussian integral 
over Lie Q in (1711) . Let us formalize ( 170|) and make the following, 

Definition 15. Lei G O M be a smooth, oriented manifold with action of a Lie group G and 
let a G Map°°(0, fi*(M). Define the equivariant integral of a as, 



(72) 



a: 



[dg] exp 



a{Y), 



M 



-m Vol(G) 
where [dg] is a measure on q and h G R + . 

Note that we will formally take the standard measure on g and write [dg] = [|— 1 , where 
we include a factor of 2tc for each dimension of q. Our main point here is that there does exist 
a localization principal for quantities in the form of Eq. ( |701) . The form of the expression 
for the localization will depend on a choice of form 9 G f2£.(M). Given 9 G Qq(M), let, 



Write C e 



C e := {p G M | t Yt 9\ p = 0, MY G g}. 
Uxg/^x' wnere are connec ted components of C e enumerated by x ^ I- 
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Proposition 16. [Wit92l §2] (General non-abelian localization) Let G O M be a smooth, 
closed, oriented manifold with action of a Lie group G and let a £ Map°°(g, fi*(M)) be an 
equivariantly closed form, d s a = 0, that has polynomial dependence onY £ g and 9 £ Qq(M), 
then the equivariant integral of a can be written as a sum over contributions from the sets 



<f a = J2zl(a,h), 
Jm xei 



where Z^(a, K) £ C depend only on C e x and a, for each h £ R + . 

This is different from the Berline-Vergne theorem (j!4p for example, in that the localization 
depends on 9. 

Proof. We follow |Wit92j . For all t £ R, we may write, 



a 



M 



(aAe^). 



M 



By definition, 



a A e itd ° e 



exp[~(Y,Y)][dg\ \ a(Y) A e itd ^ Y \ 



M 



We consider J M a(Y) A e %td%6 and observe that, 



jtd B e(Y) 



l + itd s /3(Y), 



for some (3 £ fig(M), by expanding the exponential. Since a(Y) A d g /3(Y) — d g (a A is 
equivariantly exact (since d fl a = 0), we get, 

a(7)Ae w » ((y) = / a(Y)+it / d 8 (aA/3)(F)= / a(Y), 



M 



Al 



M 



M 



by Stokes' theorem. At this point we make the simplifying assumption that 9 £ Q 1 (M) G , so 
that, as a map 9 : g — > r2 1 (M), is independent of Y £ g. Let {y g }^ =1 be an orthonormal 
basis for g and <pi, . . . , (fid coordinates so that Y = (fi{Y\ + • ■ ■ + (fidYd m general. Then, 



(73) 



a 



M 



[dg] • a(Y) • exp 



xM 



/J 



2 

9 



which follows from d s 9(Y) = d9 - t, Y »6(Y) = d9 - £ 9 6,(Y)0(Yj), when £ Q 1 (M) G . Next 
complete the square, 

2 



+ itO(Y*)<j> q = - \<fi q + 



mm) 



h 



+ 



t 2 9(Y%) 2 

2h ' 



Changing variables <fi q <fi q + 



h > 



and using translation invariance, we have, 



(74) 



a 



M 



[dg] ■ a(Y) exp 



gxM 
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We take [dg\ to be the Haar measure, 

[do] 



dY 



2tt 



■ ■ d(j) d 



(2vr) d 



We can perform the Gaussian integral, 



1 An a 



2tt 



exp 



2^ 



K + l)), n 9 G 2N , 



n q odd. 



For simplicity, we assume that a is independent of Y . Then, 



a 



M 



1 



27rft 



d/2 



a exp 



M 



Clearly, 



C e = {p G M | tjHt0(p) = = 0, 1 < g < 4. 



If W C M is a compact subset of M with dimW 7 = dimM, such that W fl C e = 0, then 
E W) 2 > on W. This implies that, 



t-+oo\2lThJ J w 



a exp 



itd9 



2h 



£*(*?) s 



0. 



since the term of the form exp(— at 2 ) will dominate the convergence to as t — )■ 00 when 
integrated against exp(itd9). Let be a G-equivariant tubular neighbourhood of C e x and 
define, 



Overall, we have shown that, 



fa = J2z e x (a,h). 
Jm xei 



Q.E.D. 



Note that in the above proof we assumed for simplicity that a is independent of Y. The 
main result of the proposition is still true, however, if a has polynomial or exponential 
dependence on 7. In this case, the Y integral in ( 1731) contributes at most an exponential 
t-dependence to the integral in (174)) . and this does not affect the localization result because 
this dependence is dominated by exp[— t 2 } behavior in (|74p . Next, we have the following, 

Proposition 17. Let (M, to, G, /i) be a smooth, closed Hamiltonian G-space and, 



a{Y) ■, 



\ Am/2 



exp[i(u + fi Y )]. 



Then by judicious choice of 6 G fi 1 (M) G ; <f u at localizes to the critical points of the function 
/ M :=|0,^):M-HEL 
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Proof. Recall that C e = {p G M | L Y »9(p) = 0, 1 < q < d}, where {Y q } d q =1 is an orthonormal 

basis for q. We show for a good choice of 9 that C e = Crit / M . First, let J : TM — >■ TM be 
an almost complex structure on M that is positive, i.e. so that the metric g G Sym 2 T* M, 
defined by, 

g(u,v) := u(u, Jv), 

is positive definite (such a J always exists and is in fact unique up to homotopy). Let 
J : T*M -> T*M be the induced map J(r)(u) := r(Ju) for r6T;M,!J6 T p M. We can 
identify J as the transpose of J and locally write, 

J(aidx l ) = Jj,kdjdx k . 

i,k 

Let g : TM — > T* M be the isomorphism defined by g(v) := g(v, •) and let u : T M — > T* M 
be defined by oj{v) := w(t>, •). Define, 

(75) 9 := Jd/ M . 

We want to show that C e := Crit / M . Clearly, Crit C C e since if p G Crit / M , then rf/^lp = 0, 
so fi\ p = and i Y »9(p) = 0. To see that C 9 C Crit/,,, let /x g := /x Y « = (/x, F g ) G C°°(M,M) 

and define V := X) g /V^g e T(TM). We may also express /x = ^2 q fJ>q£q, where £ 9 is the dual 
basis to Y q , and also, (/x,/x) = J^q^q- The moment map condition is d/j, q = i Y tu = oj(Y$), 
or Y\ = Co^dfiq, where Co' 1 : T* M -> T M. So, 



^d(/x,/x) 



(#,)■ 



- 9 

Now, by definition of 9 and a), 

(76) 9{V) = (Jdf^Cu^df,) = uj-'idf^, JdQ. 

Since V = J2 q HqYq an d we assume that 9(Yj)(p) = 0, then 9(V) (p) = 0. Thus, uj~ l (df^, Jdf^fjp) 
0, and dfn(p) = by positivity of the associated metric g. Hence p G C e and p G 
Crit/„. Q.E.D. 

Using 9 in Prop. (TPTj) . an important critical component is Cg := /x _1 (0). Then, by reduction 
to .Mo : = A t_1 (0)/^, the moduli space of flat connections on S, Witten [Wit92j shows for, 

a (Y) := (-z) A ^ 2 exp[*(u; + /x y )], 

that, 

(77) Z°{a,h)= [ exp(cu + he), 

J Mo 

where 6 G H 4 (M ,R). Note that there is a natural map pr* : i/£(pt) ~ S'(Lie(^)*) e -> 
iy^(/x _1 (0)) induced by the projection pr : /x _1 (0) — )■ pt, so that the class —(Y, Y)/2 G ffg(pt) 
gives rise to the class 9 G if 4 (.Mo, A nice consequence is that one obtains Zo( a ' 0) as the 
symplectic volume of Aio- Also note that non-abelian localization in the finite dimensional 
setting is studied by Jeffrey-Kirwan |JK95] . In this paper, Jeffrey and Kirwan are able to 
reproduce Witten's result, Prop. f lT6|) . in |JK95| Theorem 1.1] and are also able to obtain a 
nice estimate |JK95t Theorem 1.2] for §^ a as defined in Prop. (fT7j) as a function of h on 
the non-minimal critical point sets, C d x for x 7^ 0. |JK95j finds that ZHa, K) is proportional 
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to a function that behaves like exp[— 1/h], times some function bounded by a polynomial in 
h' 1 , for x 7^ 0. 

5. Shift Symmetry and the Abelian Partition Function 

Our goal in this section is to obtain a heuristic "shift invariant" expression for the abelian 
Chern-Simons partition function by decoupling one of the three components of the gauge 
field A G Ap using a particular symmetry of our theory. The symmetry that we exhibit is 
directly associated to a choice of contact structure on our three manifold X and is called 
a "shift symmetry." In this section, we will assume that (X, H) is a closed contact three 
manifold and k G Q 1 (X) is a contact one form, so that Ker(/t) = H. Note that every 
closed, orientable three manifold admits a contact structure |Mar71j and therefore the shift 
symmetry construction is a general symmetry that applies to any closed, orientable three- 
manifold. We note that the constructions in this section are largely heuristic and should be 
viewed as an initial step in obtaining a rigorous definition for a shift invariant expression of 
the abelian Chern-Simons partition function. For a finite dimensional analogue of the shift 
symmetry see Appendix (??). First we make the following, 

Definition 18. The action of the space of local shift symmetries S on Ap is defined by its 
variation 5 a on a field A G Ap by, 

5 a A := an, 

where a G Q°(X, t) is an arbitrary form and k G Q 1 (X) is a fixed contact form on X . 

Note that since the shift symmetry is defined for arbitrary a G Q°(X, t), it is independent 
of the choice of k for the contact structure H C TX since any two such contact forms must 
be related by a multiple of a non-vanishing scalar function on X. Clearly, the Chern-Simons 
action, CSx,p(^4), does not respect the shift symmetry. That is, 

(78) 5 a CS x AA)^Q, 

for arbitrary o G Q°(X, t). In order to study a shift invariant version of abelian Chern- 
Simons theory, we follow [BW05, §3.1] and introduce a new scalar field $ G Q°(X, t) such 
that, 

5 CT $ = o. 

We postulate the scaling, 

for a non-zero function t G C°°(X) whenever, 

k thi, 

so that k$ G Q l (X, t) is invariant under the scaling by t and is a well defined form, inde- 
pendent of the choice of k. Then for any principal T-bundle P we define a new action, 

CS x ,p(A$) := CSxA A ~^) 

a(A - k$), 

(79) = f a(A-K$), 

Jx 

(80) = CSxp(A) - — [ [2KATr($ A Ft) -k A drc Tr($ 2 )], 

47r Jx 
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where Eq. ( 1791) follows from the definition of A and $, where, 

$\lp,h] ■= Ad ft -i(i*pr* <%), 

on P = P Xj SU(N + 1). It is easy to see that the new action, CSx,p{A, $), is invariant 
under the shift symmetry, 

5 CT CS X , P (A,$) : 



S CSx,p 
SA 


(A- 




S CSx,p 
SA 


(A- 


$/«) 


S CSx,p 
SA 


(A- 


$/«) 


0. 







Now define a "new" partition function, 

(81) z T{x , P , k) := {-^) M f A VAV* e — (»., 

where P$ is defined by the invariant, positive definite quadratic form, |BW051 Eq. 3.8] 

(82) ($,$) = - / ($,$)kA&. 



x 



As observed in [BW05J, the new partition function of Eq. flHTj) should be identically equal 
to the original partition function defined for abelian Chern-Simons theory as in Eq. (120]) . 



(83) 

This is seen by fixing $ = using the shift symmetry, 5^$ = cr, which will cancel the pre- 
factor Vol(iS) from the resulting group integral over S and yield exactly our original partition 
function, 

Thus, we obtain the heuristic result, 

(84) Zj(X,k) = Z T (X,k). 

On the other hand, we obtain another description of Zj(X, P, k) by integrating $ out. We 
will briefly review this computation here. Our starting point is the formula for the shift 
reduced partition function in Eq. f l80lh 

where, 

(86) C$ X p{A,$) = CSxp(A) - — [ [2rcATr($ A Ft) -nAdn Tr(<f> 2 )]. 

47r Jx 
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We formally complete the square with respect to $ as follows, 
[nAdn Tr(<f> 2 ) - 2k A Tr($ A F A )], 



x 



x 



m 2k A Tr($ A Fj) 

Tr($ 2 ) - - 1 



/tAdfi 

Tr $ k Ad/c, 



X 



Tr 



A' 



k A dn 



k A dn 

We then only need to compute the Gaussian integral, 



Z>$ exp 

X>$ exp 
Z>$ exp 
1)$ exp 



ik , 
— I Tr 

47T 

ik 
Atx 
ik 
An 
1 

~2 



A' 



k A dtz 



kAF a 
k A dtv 



k Adn 



k A dn. 



Tr($ 2 )K A dn 
$}k A ck 
($,T$) 



where we take T = acting on the space of fields $ and the inner product (<&, $) is defined 
as in Eq. fl82|) . We then formally get, 



(87) 



(88) 



^£>$ exp[-($,T$)] 



7T 



AG 



detT' 
vrA A6/2 



where the quantity AC? is formally the dimension of the gauge group Q. Our new description 
of the partition function is now, 



19) Z T (X, P,k)=C-f VA exp 

JAp 



X 



K A dn 



where C 



VoiTs) Voi(g) (l^)^^ 2 - ^ e rewr ite this partition function after identifying Ap 



Ap + Q l (X, t) for a flat base point Ap in .Ap. We then obtain, 



(90) Z T (X, P,k) = C 1 -f VA exp 

'Ap 



ik 
An 



(A A dA) - 



x 



({nAdA) 2 ) 
x k A dn 



where, 



JkCS x>P (Ap) 



Vol(S) Vol(Cy) V4tt 2 J 



-ik\ 



as/2 
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Note that the critical points of this action, up to the action of the shift symmetry, are 
precisely the flat connections, [B W051 Eq. 5.3]. We abuse notation and write A G Ta p Ap- 
Let us define the notation, 

(9!) ^-/^^-l^ 
for the new action that appears in the partition function. Also define, 
(92) gW:= W(M^> 



4:71 J x k A dn 
so that we may write, 

(93) CS(A) = CS(A) -S(A). 

The primary virtue of Eq. ( 190]) above is that it is heuristically equal to the original Chern- 
Simons partition function of Def. (jSJ) and yet it is expressed in such a way that the action 
CS(v4) is invariant under the shift symmetry. This means that CS(v4 + ctk) = CS(A) for 
all tangent vectors A G Ta p {Ap) — Q 1 (X,t) and o G Q°(X,t). We may naturally view 
A G Q}(H, t), the subset of $V-(X,t) restricted to the contact distribution H C TX. If £ 
denotes the Reeb vector field of k, then f2 1 (if, t) = {a G fi 1 (X, t) | = 0}. The remaining 
contributions to the partition function come from the orbits of S in Ap, which turn out to 
give a contributing factor of Vol(<S), |BW05[ Eq. 3.32]. We thus reduce our integral to an 
integral over Ap := Ap/S and obtain, 

„/ V t,,n e ikCS x , P (A P ) f \ikf[, A , A . f ((KAdA) 2 }\ 
ikCS x , P (A P ) r 

where VA denotes an appropriate quotient measure on Ap, and A G Q}(H, t) ~ Ta p Ap- 

Remark 19. We now make a new heuristic definition of a partition function. Let k G Z and 
(X, k) a closed, oriented contact three-manifold. The shift reduced abelian Chern-Simons 
partition function, Zj(X,k), is the heuristic quantity, 



(94) Z T (X,k) = — Yl MX,P,k), 

' ' [P]€TorsH 2 (X,A) 



where \W\ is the order of the Weyl group for SU(iV + 1) and, 

ikCS x , P (Ap) Ag/2 , 

(95) Z T {X, P, k) = — ^_ J VA exp [ifcCS(A)] , 

and 47tCS(t4) := J x (^4 A dA) — J x - «s shift reduced Chern-Simons action. 
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6. Moment Map Squared Form of the Partition Function 

Our starting point is a heuristically defined partition function. Let k G Z and (X, k) a 
closed, oriented contact three-manifold. Recall that the shift reduced abelian Chern-Simons 
partition function, Zj(X, k), defined in Remark f[T9~j) is the heuristic quantity, 

(96) Z T (X,k) = j±- Yl MX,P,k), 
where |W| is the order of the Weyl group for SU(iV + 1) and, 

(97) Z r {X, P, k) = ym VA exp [iWS(A)] , 

and 4tcCS(A) := J x (AAdA) — f x ^ K ^^ - is the shift reduced Chern-Simons action. Our next 
objective is to determine a moment map \x for a group action such that the shift reduced 
action may be identified as the moment map squared, CS(v4) = (/i,/i). First we observe 
that the gauge group Q itself cannot act in a Hamiltonian fashion such that CS(A) = (//,//) 
since CS(A) is not invariant under "large" gauge transformations. We therefore restrict 
to the connected component of the gauge group containing the identity element, Go- Let 

Y G Lie(£o) - to°(X,i), and let Y* := d H Y G T(TA) denote the vector field generated by 

Y on A. By definition of the symplectic form Q on A, we have, 



(t Y #n)(5A) = - k A (dY A 5 A). 
Jx 

If, 

fx Y (A):= [ kA(YAF a )- [ dn A (Y A A), 



Jx Jx 
then one can show that the moment map equation is satisfied, 

using integration by parts. We observe that the Go action on A is not Hamiltonian, however. 
This may be checked by computing the Poisson bracket, 

{/A/i y2 } = n{d H Y u d H Y 2 ), 

k A (dY 1 A dY 2 ), 

x 



I' 1 



K A ([y ls Y 2 ) A Fa) — / dn A (Y 1 A dY 2 ), 
x Jx 

[YuY 2 ]_ [ dKA(Y x AdY 2 ). 



X 



The obstruction for the map \x to determine a moment map is given by the cocycle, 
(98) c(Y 1 ,Y 2 ) := {/',^} 

dnA (Yi AdY 2 ), 



- (Yx A C{Y 2 ) k A dn, 
Jx 
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which clearly does not vanish in general. Following the ideas of |BW05t §3.4], one may 
obtain a Hamiltonian action by considering a central extension Go by U(l) of the group Go 
determined by the cocycle c(Yi,Y 2 ), 

U(l) -> Go -> G . 

As in |B W05] . we assume that the central U(l) subgroup of Go acts trivially on A and the 
moment map for the central generator (0, a) of the Lie algebra is constant. We then see that 
the new moment map for the action of Go on A, 



^C*»(4) := / K A (Y A F A ) - [ dn(Y 
Jx Jx 



A A) + a, 



is Hamiltonian, 

{n {Yl ' ai) ,H (Y2 ' a2) } = ^[Cyi.»0.( y a. a a)] ) 

where, 

[(Fx, (K>, a 2 )] := ([Y^ Y 2 ], c(Y x , Y 2 )) . 

In order to cast the action CS into a moment map squared form the Lie algebra of the 
Hamiltonian group must admit a non- degenerate invariant inner product. The group Go 
does not admit such an inner product, however. Following [BW05J, this problem may be 
solved by considering the Seifert action of U(l) on X. Since the action of U(l) on X induces 
an action on Go, we naturally consider the semidirect product U(l) x Go, which admits the 
non-degenerate invariant inner product on the Lie algebra of U(l) x Go, 



(99) {{ Pl ,Y 1:ai ),{p 2 ,Y 2 ,a 2 )) 



j (Yi A Y 2 ) K A dt^j - p x a 2 - p 2 a x . 



The Lie bracket on Lie(U(l) x Go) is also given by, 

(100) [(Pi,^i,ai),(p2,}2,a:>)] := (0, [Y x , Y 2 ] + Pl £^Y 2 - p 2 C^Y x , c{Y x , Y 2 )). 

One can show that the vector field on A generated by an element Y = (p, Y, a) G Lie fu(l) x Go 
is given by, 

(101) Y*(A) = dY + pC^A. 

Using (jlOip . one can see that the moment map in direction of the generator Y p := (p, 0, 0) 
may be given by, 

/i Yp (A) = --p I k A (£{:A A A). 



x 



■r 

Clearly, /x Yp (A) is invariant under the shift symmetry and descends to A. We claim that 
the action of U(l) x Go on >A. defined above is Hamiltonian with moment map, 



(102) fi Y (A) = --p [ k A (C^A A A) + / k A (Y A dA) - [ dn A (Y A A) + a. 

2 Jx Jx Jx 



Let Yy := (0, Y, 0) G Lie ^U(l) x Q \ In order to show that f)102p is a moment map we 
need only compute, 

{M Y ',A* Yy }, 
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since this is the only non-trivial Poisson bracket that remains to be checked. We compute, 
{/x Yp ,M Yy } = n(p£sA,dY), 

= -p kA (C^AAdY), 



x 



= p K A (C{Y A dA) - p / dn A {C^Y A A), 
Jx Jx 

where Y p £ 5 y := (0,pC^Y,0). By definition of the Lie bracket in (11001) . our last computation 

shows that the moment map condition is satisfied. We therefore take Tl := U(l) x Go to be 
the Hamiltonian group for abelian Chern-Simons theory. 

We now claim that the action CS may be expressed in moment map squared form (//, n) 
for the moment map defined in (11021) . Let Sj := Lie("H) and ((•, •)) : $)* <8> ft — > K denote the 
dual pairing on $). Note that we have implictly been using the notation /z Y to mean, 

^ Y = ((^,Y)), 

where we view fi G Sj*. We make the identification Sj* ~ via the pairing (•, •) defined in 
( |99l) . Let p, G ft be defined by /i = (/t, •). We abuse notation and write, 



(ji,fi) := (/2,/i). 

One can check that, 

f f k AdA- dn A A\ I [ , „ A 

(103) A= (-!.-( , A(fa ),- 2 j x .MC ( A^A) 

and indeed, 

(104) / i Y =(( yU ,Y)) = (/i,Y), 
for all Y G i^. Thus, by definition, 

(/i,/i) = = ((//,//)) = 



(105) = kA A A)- k A dn 



x 



K A dA — dn A A^ 2 



_x \ \ k Adn 



Now consider the term in fl 1 5 [) given by, J x n A (C^A A A) . Using Cartan's formula for the 
Lie derivative, = {i^,d}, we may write, 

K A (C^A A A) = / k A d}A A A), 
x Jx 

Using the fact that, 

A A dn 
K A dK ' 
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and using integration by parts we obtain, 
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K A (CgA A A) 



[(A A dA) - k A (dA A l^A) + 4A (l ( A A A)} 
k A (l^A A dA}) , 



A' 



(106) 



After expanding the term, 



x 



(A A dA) -2k A 



dK A A 



k f\dn 



A di4 



+ 



+ 



k Adn 



x 



dn A 



k AdK 



A A 



x 



k A dA - dn A A 
k A dK 



in (jlOSfl . one finds that the correct terms cancel in ( 11061) to yield, 



(A A dA) 
4ttCS(A), 



x 



X 



K A dK 



((« A gL4) 2 ), 



as desired. As in |BW05[ §3.3], we observe that the path integral measure T>A in fl97|) should 
be identified with the corresponding symplectic measure exp(f2) in the path integral and we 
may write, 

ikCS x , P (A P ) / -7N Ag/2 

(107) Z T (X,P,k)= (-r^) f exp 



Vol(Cf) 



4vr 2 



A P 



fi + ^(/i,/x) 



7. Non-Abelian Localization for Abelian Chern-Simons Theory 

Our starting point in this section is the main result of §|6j which expresses the abelian 
partition function in moment map squared form, 



(108) 



Mx,p,k) 



JkCS x , P (A P ) 

Vol(g) 



— ik 
4^ 



AG/2 



exp 



Ar 



Starting with this description of the partition function we follow the main arguments of 
[BW05], which must be adapted slightly for an abelian structure group, to arrive at the final 
rigorous definition | 



7.1. A Two-Dimensional Description of the Abelian Partition Function. As ob- 
served in Prop. [T71 Zj(X, P, k) localizes to the critical points of the function, 

1 



x 



x 



K A dn 



((KAdAY), 



(A A dA) - 
= 4vrCS(A). 

Observe that the critical points of satisfy the equation of motion, 
(109) dA - (* H dA) AdK- KAd* H dA = 0. 

Recall the following, 
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Definition 20. Let (X, 0, £, k, g) be a contact metric three manifold and define the horizontal 
Hodge star to be the operator, 

* H ■ tt q (X, t) -»■ n 2 ~ q (H, i)q = 0, 1, 2, 

defined for f3 e fi 9 (X,t) by, 

(110) * H = A 

where * is the usual Hodge star operator on forms for the metric g = k <g> k + 0-) on X. 

Since / M is invariant under the shift symmetry, it is clear that (11091) is also invariant under 
this symmetry. Thus, the critical points of f ^ can be classified as solutions of (11091) relative 
to any convenient gauge choice for the shift symmetry. Observe that the quantity k A dA 
transforms as, 

k A dA — > K A dA + ok A dn, 

under the shift symmetry for arbitrary a G fi 1 (X, t). Thus, a valid gauge condition is given 
by setting, 

(111) * H dA = 0, 

since given arbitrary A G fi 1 (X, t), we may set a := -kjjdA uniquely so that A — ok satisfies 
(lllll) . In this gauge the solutions of the equation of motion (11091) are precisely the flat 
connections. 

Remark 21. Note that the normalization Zj(X, P, k) in fl 108[) needs to be revised slightly 
to take into account the fact that we have replaced the gauge group Q with the group Tl : = 
U(l) x Go in our considerations. In fact, we should formally replace Q with %' := U(l) x Q , 
where Q represents a central extension of the full gauge group by U(l). We therefore wish to 
formally consider, 



(H2) m,^)^^^^) £exp 



where A^/ = dim'H'. As observed in [BW05, Eq. 5.10] this results in a difference between 
Zf(X, P, k) and Zj(X, P, k) by the finite multiplicative factor, 



iVo\{G) \4:7T 2 

The technique of non-abelian localization applies more directly to Z^(X, P, k) and this is the 
quantity that we will consider. In the end we must multiply our results by the factor f 1 11 3 j) 
to recover the Chern-Simons path integral Zj(X, P, k). 

Next, we focus on giving a "two-dimensional" description of the local symplectic geometry 
in Ap around a critical point of the Chern-Simons action analogous to [BW05, §5.1]. For 
this it will be convenient to choose a particular gauge for the shift symmetry corresponding 
to the gauge condition, 

(114) l^A = 0. 

Clearly (I114p defines a good gauge condition since if l^A = 0, then l^(A + an) = a ^ 0, i.e. 
the condition ( |114p picks out a unique representative for each orbit of the shift symmetry. 
Note that this gauge condition is defined on the tangent space Ap about a flat connection 
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Ap. Of course, this is the natural gauge that we will implicitly work with throughout, and 
gives the identification, 

(115) T Ap A P ~n\H,t), 
where Q l (H,i) := {A G tt^X,*) | l^A = 0}. 

Remark 22. In order to proceed it is natural to make a simplifying assumption regarding the 
contact structure that we have been working with. Indeed, we have made no assumption about 
the contact structure up until this point and all of our considerations have been completely 
valid for the general case. We now make the assumption that the contact structure is such 
that the Reeb vector field generates a locally free U(l) action. We make this assumption so 
that we may Fourier decompose the the tangent space Ta p Ap — Q l (H,t) with respect to the 
natural U(l) action. It turns out that the closed three manifolds that admit a locally free 
U(l) action are precisely the (quasi-regular) Sasakian manifolds [BG08, Theorem 7.5.2]. We 



note that the existence of a Sasakian metric greatly simplifies calculations. 

Thus, assume that (X, k, £, (ft, g) defines a quasi-regular Sasakian structure. See [BG08j for 
more details on Sasakian manifolds. Given that the Reeb vector field £ generates a locally 
free U(l) action, we naturally decompose the tangent space Ta p Ap ~ ^(H, t) with respect 
to this action and write, 

(116) a = j2a, 

lez 

where A\ G D}(H, t) are eigenmodes of the Lie derivative 

(117) C^Ai = -2mlA t . 

We also decompose Y G Lie(£?) ~ ft°(X, t) with respect to the U(l) action, 

(us) y = J2 Y ^ 

lei 

where, 

(119) CtYi = -2mlYi. 
Let, 

(120) C := X x m C, 

denote the complex line V-bundle over S associated to the standard representation on C. 
We view the eigenmodes Ai G Q 1 (H, t) as naturally corresponding to elements of, 

n 1 ^,/;' ®t) := r(s,T*s ® c l ® t), 

and formally decompose the tangent space TAp at Ap as, 

(121) T j4p ^ P = 0fi 1 (S,£ i ®t). 

lez 

Similarly, we decompose Lie(£?), 

(122) Lie(^) = 0fi o (S,£ ; ®t). 

lez 
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7.2. Non-Abelian Localization Applied in Abelian Chern-Simons Theory. As in 

|BW05l §4.2], a local symplectic neighborhood of Ap near Aip, say N, is an equivariant 
fibration, 

(123) F ^ N ^ M P , 
where the fibre F takes the form, 

(124) F = -Hx %) (hef) e£ ©£i), 

and Ho, So, Si remain to be identified. Note that the symbol "0" is to be interpreted in the 
sense of K-theory. In (TlMj) . we have H = U(l) x Go as before. As in [BW051 Eq. 5.27], Ho 
is the subgroup of H that fixes Ap and in general is of the form, 

(125) Hq — U(l) x U(l) x I, 

where U(l) arises as the central extension group for Qo, U(l) arises as the group acting on 
Ap induced from the geometric action on X, and / ~ T is the isotropy subgroup of A P . As 
in [BW05[ Eq. 5.29] we may identify So and S\ as, 

(126) £b = 0flS(S,(^ 



t), 



and, 
(127) 



leN 



Now we express the partition function in 

e ikCSx, P (Ap) 



(128) 



Z T (X,P,k) 



-ik\ 



AG/2 



cxp 



Vol(0) v—y ^ 

in a form that non-abelian localization can be more directly applied as in Prop. [161 We 
write the following for Zj(X, P, k), 



(129) 



Vol(S) 



Lie 5 _ 



dY 
27 



cxp 



^4 



n + i(/i,Y) 



~k 



(Y,Y) 



where the equivalence of Eq.'s (1 1 2 8 [) and fl 1 2 9 [) may be seen by doing the formal Gauss- 
ian integral over LieC? in f |129[) . As in the proof of Prop. (I17p we begin the localization 
computation by choosing 6 as in (!75|) . 



(130) 6 := Jdf„, 

where := |(/i, /i). We then write the integral in (I129p over iV and this gives the following 
for Z T {X,P,k) in ([123]) as, 

4tt 2 Vo\(U(1) 2 



(131) 



kCS x ,p(A P )__ 



k Vol(H) 





'dY' 




f 


_2tt_ 


exp 


JfixN 





n + i(fi,Y)-—(Y,Y)+t-D9 



where fj = Lie"H, D := du e g denotes the formal equivariant derivative as in (1651) . t 6 R and 
we include the normalization factor Vol(£/(l) 2 ) as in (I113p . The goal is now to reduce the 
integral over Sj x iV in (113 ip to an integral over M.p. This reduction problem is discussed 
briefly for Yang-Mills theory at the end of §H We start by observing that the fibre F in 
(I123p may be modelled on the cotangent bundle T*H, so that iV equivariantly retracts onto 
a principal H-bundle P-u over the moduli space M.p. Following the argument of |Wit92] we 
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observe that if H acts freely on P% that the equivariant cohomology of the total space P% 
may be identified with the ordinary cohomology of the quotient Ph/H — M.p. This allows 
us to identify the equivariant forms Q + i(/i,Y) and (Y,Y) with the pullback of ordinary 
forms on Aip. 



In Chern-Simons theory, % does not act freely on N , however. We may still follow the 
same reasoning as in Yang-Mills theory |Wit92j by taking into account that the subgroup 
Ho in (I125p acts on N with fixed points. We then obtain an equivariant retraction Nq of N 
clS db bundle with fibre T-L/Hq, 

(132) H/Ho -> N -)• M P . 

Following the same argument of [BWQU Eq. 5.109], we may identify the H equivariant 
forms, 

n + i(fi,Y), (Y,Y), 
on N with the corresponding equivariant forms, 

Q + ia, nO + pa, 
on Aip, respectively, via pullback by a map, 

(133) pr : iV -> M P . 

Note that p,a G S} , 6 G H^(Aip), n = Ci(X) is the first Chern number of X as a bundle 
over S, and we have abused notation by writing Q to represent the corresponding forms on 
both iV and M.p. Note that for simplicity we assume that U(l) acts freely on X. Let, 

47r 2 Vol(f/(l) 2 ^ 



K :-- 



k Vol(H) 



We may then write, 
(134) Z T (X,P,k) 



K 



SjxN 



dY 
2^ 



exp 



Jk CSx,p(A P ) 



2tt 



pr* n + ia ( 1 — p 



2irin 



pr* 9 + t ■ DO 



exactly as in [BW05, Eq. 5.111]. Next, we decompose Sj as, 
and integrate over the variables a,p spanning fj i n 



Setting e := the integral over 
a will produce a delta function that sets p = -, and we obtain the following for Zj(X, P, k), 

(135) ^ff^V 05 -^- 



Vol(H) 





'dY' 




f 


_2tt_ 


exp 



pr*fi + ienpr*6 + t-D6'|| p= i| . 



Note that we will drop the term | that occurs in the definition of K above and implicitly 
redefine the partition function to take this into account. As in |Wit92] . the only term which 
is a not pull back from M.p is the localization term t ■ DO, and we are left to perform the 
computation of the t-DQ dependent part of fl 1 3 5 [) over F. In Yang-Mills theory |Wit92j finds 
that the corresponding integral over F = T*"H produces a trivial factor of 1, and this is no 
longer the case in Chern-Simons theory as is observed in |BW05] . The quantity of interest 
is then, 



(136) 



Voiuh 



dY 
27 



exp(t-D6), 
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where, 

F:= (ftefio) x F, 

and, 

ip = p + a £ f)o, 

and we set p = - at the end of the computation. Following the exact same reasoning that 
leads to [BW05, Eq. 5.117], we may identify, 

I(ib) - 1 e no(M P ,S ) 
[37) IW -Vo\H e Ho (M P} £ i y 

where e-^ (.Mp,£o)> e^ (A4p,Si) are the % - ec Luivariant Euler classes of the bundles asso- 
ciated to So, Si as in (I126p . (11271) over M. P . This may be confirmed by direct computation 
exactly as in [BW051 Appendix D] and we do not repeat this argument here. Define, 

(138) e(p) := 

Then our considerations so far yield, 

ikcs x ,p( A p) r 

(139) Z r (X, P, k) = Vq1/ e(p)\ {p=1 _ } exp [Q + ienQ] . 

Note that in deriving (11401) that the factor Vol(6 r (l) 2 ) in (11351) cancels with a factor in Vol Ho 
in Recall that G £ H 4 (A4p) is the cohomology class corresponding to the degree four 

element (Y,Y) in the equivariant cohomology H^(N). We observe that in the abelian case 
G = T that can also be described in terms of the universal bundle U, 

>U 

i 



Jac(S) x S 



In other words, 



e = -l Cl (u) 2 | 



pt.es, 



where Jac(S) is the Jacobian of S. In this case O = since the universal bundle U for 
T-bundles is the classical Poincare line bundle, and the Poincare line bundle is normalized 
to have degree d = when restricted to the Jacobian of S. Thus, our computation produces 
the simple result, 

e ikCS x ,p(A P ) r 

(140) Z r (X, P, k) = Vq1/ J e(p)\ {p= , } exp [O] . 



Our main goal now is to compute/define e(p)\ 



7.3. A Final Definition of the Symplectic Abelian Partition Function. We com- 
pute/define e(p)| r = i| following the main arguments in |BW05j and adapt their technique 

to the case of an abelian structure group. The main difference in the case of an abelian struc- 
ture group shows up in the fc-dependence of the partition function Zj(X,P,k). Note that 
e _ 27r i^jg difference is due to the fact that |BW05] works with irreducible flat connections 
and the corresponding zeroth cohomology spaces vanish, whereas an abelian structure group 
necessarily has non- vanishing zeroth cohomology. 
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Recall, 
(141) 



e(p) :-- 



eu (M P ,£o) 
eu {M Pl £i)' 



Let Sq\ Sf 1 denote the natural eigenspaces in £ , Si under the action of Ho, so that, 



[i] 



(142) 
and, 

(143) Ef = Hl(Y,,C 

As in [BW051 Eq. 5.126], we may write, 



t), 



t). 



(144) 



e(p) 



n 

/^o L 



en (M P ,£ l 



[ih 



eno(M P ,£l 



n 

i>i 



% (Mp,j 1 ). % (M P ,y 1 ) 
e Ho (Mp,£?)-e Ho (M P ,£[- l] ) 



where e-n (Aip,£$), e-n (Aip,£^) denote the Ho equivariant Euler classes of the finite di- 
mensional bundles determined by £$ , over Aip. [BW05j then finds a recursive relation 
between the equivariant Euler classes of £q\ £q\ S[ l \ £\ ^ by choosing a convenient holo- 
morphic structure on C. Using this recursive relation [BW05J find, 

1 



(145) 



= n 



[e no (M P y p )] nl , 



e Ho (M P ,TM P ) 



where TAi l P denotes the Ho equivariant version of the tangent space of Aip, and V l P denotes 
a bundle associated to the chosen holomorphic structure and is defined in |BW05t pg. 103]. 
The result in (11451) assumes that points in the moduli space correspond to irreducible flat 
connections so that £g vanishes. In our case £q ' = Hg(E, t) does not vanish and we must 
revise accordingly. Let I l P denote the Ho equivariant bundle over Aip associated to the 
bundle with fiber £^ such that Hq acts on the fiber with eigenvalue —2nil. Our revised 
version of f!145j) is then, 



(146) 



1^0 



e Ho (M P ,TM P ) 



ni 



Following the the exact method leading to [BW051 Eq. 5.144] we may factorize e(p) as a 
product of the three terms, 



(147) 



e(p) = n 



'dimT 



n (~ u p + h 



¥0 L i=i 



dimMp/2 

n 

i=i 



-Up 



'dimT 

IK 



-Up + v 3 



\ nl 
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where tj,Wj, Vj are the Chern roots of the bundles Xp, TA4 P , Vp, respectively. Let, 

dim T 

(148) f T (z) = HlK-U + ztj), 

1*0 3=1 

dimMp/2 

(149) f M ( Z ) = n n hi+zw,)- 1 , 

1^0 3=1 
dim T 

(150) = nriH z + 

¥0 3=1 



where z = 1/p is a formal parameter. Factoring out p from each of the three terms in (I147P 
and using the Riemann zeta function to define the infinite products, 



J]y dimT = exp(2dimT • hip ■ C(0)) = p~ 



-dimT 

V — cAp^uim jl • nip ■ ^\y>)) — y , 

1>1 



Y[p- dimMp = exp(- dim jVlp-lnp •£(())) = p 6 



dim.Mp/2 

1>1 

we may write, 

(151) e(p) = pW^Mr^T) . fx[z) . Mx) . fv{z y 

One may apply exactly the same reasoning that leads to [B W05j 5.167] using appropriate 
zeta and eta function regularizations to rigorously define the quantities fx(z), fM.(z), fv{ z )- 
We will not repeat the full argument here and instead we point out the the main differences 
that arise for the case of an abelian group T. First, since M. P ~ T 2g , we have, 

c(M P ) := c{TM P ), 

dim.Mp/2 dimA^p/2 

= n c ^-)= n 

3=1 3=1 

where Lj = THj, Xj = c\{Lj) e H 2 (Ej,Z), and E 3 - ~ (U(l)) 2 . Since Ej are Lie groups, the 
tangent bundles TEj are trivial and hence, 

xj = ci(TEj) = 0. 

Thus, 

dim.Mp/2 

< i52 » n 

Clearly, ci(TAIp) = as well. Using these observations and the method leading to |BW05[ 
5.167], we have, 



(153) f x (p) = (27r) dimT , f M (p) = [ j- ) , / v (p) = exp ( -^ Vo 



, x dimA^p/2 

1 \ „ , s / — IK 
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where r] is the adiabatic eta invariant of X and was first defined in [NicOOj . Note that rj is 
computed explicitly in [Bea07l Appendix C] and is given by, 

(^-2X>(«i,&; 

V 3=1 

where s(a, (3) := i SJ=i c °t (77) c °t (^Tr) ^ Q is the classical Rademacher-Dedekind sum 
and [g, n; (oti, /3i), . . . , (cum, Pm)] (for gcd(aj, /3A = 1) are the Seifert invariants of X. Overall, 
we have, 

, . \ dimH^X.i) / • \ 

(154) e(p) = \±A ■ fcihW^W) . exp f , 

where we have used the fact that dim if 1 (X, t) = dimA4p, dimif°(X, t) = dimT and 
p = - = Finally, as is noted in |BW05t Pg. 89-92] the derivation of the partition 
function is done implicitly with respect to a choice of the so called Seifert framing on X. 
This choice of framing results in a difference of a factor of e* 5 * in the partition function 
relative to the canonical framing, where for general gauge group, [BW051 Eq. 5.101], 

( 155 ) e = ex P — a T7T77 ^r^o + TT^O 



4 12(A; + c ) 2 

For the case of gauge group T we take A G = N and ^(k+l*) ^° ^° van i sn - Thus, we should 
replace, 

(156) e(-^ 7? °), 
in the partition function with, 

(157) e y—-^ v °). 

Before we make our rigorous definition, we recall the following, 

• mx ■= f (dimH\X;R) - 2 dim# (X; R)), 

• Ap flat connection on principal U(l)-bundle P with Chern-Simons invariant CSx,p{Ap), 

• [g, n; (cti, . . . , (qjmj Pm)) (for gcd(a.,-, j3j) = 1) are the Seifert invariants of X, 

• r] = N ^ C1 ^ — 2 Xlj=i s ( a i> is the adiabatic eta invariant of the Seifert mani- 
fold X introduced in [NicOO] . 

• s(a, (3) : = A- SJ=i co ^ (77) co ^ (^) ^ Q is the classical Rademacher-Dedekind sum, 

• M P ~ F^X, i)/H\X> A) ~ T 29 moduli space of flat T connections on P. 
Plugging the result for e(p) in f)154p into (I140p we make the following, 

Definition 23. Let k £ Z, and let X be a closed oriented three-manifold that admits a 
quasi-regular Sasakian structure (k, g) ; with associated principal bundle structure, 

U(l)< >X . 

I 

E 

Define the symplectic abelian Chern-Simons partition function, 

(158) Z T (X,k)= J2 MX,P,k), 

[P]eTorsH 2 (X,A) 
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where 



(159) 



Zj{X,P,k) = k mx j kC * x > p ( Ap V' 




K x ■ top, 



where, m x := f (dimif^X; R)-2 dim# (X; R)), K 



(gAf)!(27r) 2 9 JV 



Remark 24. Note that we assumed that X was a principal U(l) bundle over a smooth 
surface £ in the above derivation of the partition function. We accordingly revise the fac- 
tor l/Vol(J) = l/|ci(X)| in the partition function to Kx in order to restore topological 
invariance in the case when orbifold points are present. 



In order to be more explicit in our computation of the abelian Chern-Simons partition 
function we study the moduli space of flat connections, Aix, over a Sasakian manifold X 
more closely in this section. One of the virtues of the abelian theory is that the moduli space 
of flat connections is relatively simple. Let T denote a compact, connected abelian Lie group 
of dimension N, t denote its Lie algebra and Act the integral lattice. Let TorsH 2 (X, A) 
denote the torsion subgroup of H 2 (X, A). In general, we have the following, 

Proposition 25. |Man98j Let X be a smooth three manifold and let M. x be the moduli space 
of flat abelian T connections on X. Then, 

• There is a natural identification, 



• \~kq{M.x)\ — I TorsH 2 (X, A) | and each connected component of Ai x is diffeomorphic 
to the torus H 1 (X, t) /H 1 (X, A) . 

Our goal in this section is to obtain an expression for the number of components of M. x in 
terms of Seifert data for a given Sasakian three manifold X. The main result of this section 
is contained in Prop. (I27p below. Note that a Sasakian three manifold X admits a natural 
Seifert structure. For a general overview of the relevant geometric background see [BG08J. 
For us, this will mean that X admits a locally free U(l) action and can be written as a 
non-trivial U(l)-bundle over an orbifold, 



where £ = {|E|,W} is an orbifold with underlying space |£| a surface of genus g. 

Remark 26. The key property of Sasakian manifolds for us in this section is that they are 
precisely the three manifolds with non-vanishing first orbifold Chern-class, ci(X) |Sco83] . 

Recall that the fundamental group of a Seifert manifold X, tti(X), is generated by the 
following elements, |Orl72j . 



8. The Moduli Space of Abelian Connections 



Mx = H\X,T), 



and, 



U(l)< >X , 

I 



E 



a P \, p = l,...,g 
Cj, j = 1,...,M, 
h, 
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which satisfy the relations, 

[a p , h] = [b p , h] = [cj, h] = 1, 
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M 



n^'^ii' 



i. 



P =i 



The generator h is associated to the generic U(l) fiber over £, the generators a p , b p come 
from the 2g non-contractible cycles on £, and the generators Cj come from the small one 
cycles in £ around each of the orbifold points pj. The moduli space of flat connections over 
X can be realized as the space of homomorphisms from ivi(X) to T. Consider, 

P '■ 7tl(X) — >■ T, 

and let, Cj = p(cj), B = p(h). Since T is abelian, the generating relations for 7Ti(X) translate 
into the following restrictions on p, 



M 

n ^ b n 

3=1 



1, j = l,...,M, 

1. 



where, 

(160) 

(161) 



C 



3 

B 



e v i . 



3 27TM/>o 



2ni4> k 



, e ^ 



e T, j = l, 

G T, 



for some ^ G [0, 1), j 
(M + 1) matrix, 



(162) 



M and k 



( -n 1 1 

0i a\ 



AT 



N. Let if, j be the following (M + 1) x 



1 \ 













a M _i 






OL M .) 



\Pm ■ 
We condense the above restrictions and write, 

M 

(163) ]Je 2 ™ Kl >^ = l, 

3=0 

for each k = 1, . . . , N. For simplicity, let us assume that N = 1 in the remainder. Let 
v = (-00, i^ii ■ ■ ■ i tphi) G M M+1 . Then v solves the above equation, fll63j) . if and only if, 

(164) K ■ v = w G Z M+1 . 



Let d 



det-fTl G Z. Observe that Idl 



detATl 



Uf =l ^) ■ Cl (X) 



7^ 0, since ^ ^ 0, V 1 < j < M, and the orbifold first Chern num- 



Der C\(X) 7^ by assumption (i.e. the Seifert structure on X is associated to a Sasakian 
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structure). Thus, K is invertible and, 

(Cofiff 

v = K w = w, 

d 

where the cofactor matrix Cof K G Mm+i(Z). We conclude that v must necessarily satisfy, 

v G V ' m , 
d 

if it is a solution of ( 11631) . Since solutions of ( 11631) are defined only up to the integers, we 
may therefore take v G ^-Z^ /+1 , where Zd := Z/(d-Z), the set of integers modulo d. We then 
have a one to one correspondence between solutions v G ^Z^ /+1 and vectors v = dv G Z^ f+1 
such that Kv = G Z* m . Viewing, 

K : Z^ +1 -> Z^ +1 , 

as a Zd-module homomorphism, then solutions of H163[) are given exactly by -r ■ Ker(fT). 
Observe that the last M columns of K form an independent set and therefore rank(fT) > M. 
One can show that in fact rank(if) = M. Let, 

1 M 
oii := — Y\_ a " 



Oti 



Then it is not hard to show that 

M 

S 



G Ker(fr) C 



Af+l 



" II a i' ai/^i, • • • , OLM$M 

and therefore the kernel is cyclicly generated by s 7^ 0, 

Ker(ff) = (s) ~ Z d . 

Since, 

~ T 29 x Tors(# 2 (X, A)) ~ Hom( 7 r 1 (X), T), 
by Prop. (125]) in general, we therefore obtain the following, 

Theorem 27. Given a closed, oriented Seifert three manifold X such that C\(X) 7^ (i.e. 
a Sasakian three manifold) then, 

M x ^ T 29 x Tors(# 2 (X,A)) ~ Hom(7r 1 (X), T), 
where, \ TorsH 2 {X, A)| = d w = | Cl (X) ■ n^i^r- 
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